Coordinates of foci:
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So, the tangent line is:
y=m(z —x0) + yo
By substituting for y in the equation of the hyperbola you get:

2 (m (z — xo) + 90)2 1
a b2 -

You know have a quadratic in x which you can work to arrange in standard form:
baz? — a®(m (z — z0) + w0)” = a?b?

b’z® — a® (m2 (z — z0)” + 2myo (z — z0) + yg) = a’b?

b2 z? — a? (m2 (xz — 2zox + mg) + 2myp (z — xg) + yg) = a’b?

b2 z? — a? (mza:2 —2mizoz + mzxg + 2mypxr — 2mypxo + yg) = a’b?

2 z? — a®>m?z? + 2a’mPzox — a2m2wg — 232mygat + 2a2mygxo — a2y§ =a

2b2
(b* — &®m®) 2% + 2a°m (mxo — yo) = — @’ ((mxg — )’ + bz) =0

Now, having arranged the quadratic in standard form, we can equate the discriminant to zero, to find

the value of mm, since the tangent line does not touch the hyperbola anywhere else:
(2a®m (mzy — yu))2 — 4 (b — a?m?) (_az ((mxo )+ bz)) -0

Which reduces to:



(a2 — zg) m? + 2zoyom — (b2 - yg) =0

Applying the quadratic formula, you get:

—2zoyo £ \/(2250190)2 +4(a®—=z}) (B2 + 1)
2 (az — 333)

m =
Now, since the point (xg,Y) is on the hyperbola, we know:

™Y,
a? b2

And this is arranged as:

a’b? + agyg — ngg =0
And:

a®b? + azyg — bzmg =0
Using:

a’b? + agyg — ngg =0

We find:
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Now for calculus:
Implicitly differentiating the hyperbola with respect to x, we find:
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And so, at point (xg,y,), we get:
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So now considering this diagram:

arctan(m, )

We know:
arctan(my) + (m — arctan(m)) + « = 7 = a = arctan(m) — arctan(m,)
arctan(m) + (m — arctan(ms)) + f§ = © = [ = arctan(my) — arctan(m)

Now considering:

a—D>b
t — arctan(b) = arct
arctan(a) — arctan(b) = arc an(1+ab)

And:
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m — 1y a®yp  zp+Var+ b2
« = arctan| ——— | = arctan
1+ mmy 1+ b2z, Yo
a’yo  xo+ Val + b2
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f = arctan| ————— | = arctan
1 + ming 1 I beO Yo
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And to simplify:

b’z )
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Ay z+ VTP Paj+PaVa + 5 -’y P+ B/ T D (a IR )
) Yo a

. alroyo + alyov/a? + B +blxoyy (a4 b?) zomo + alyova® + B2 yoval + b2 ( /@ + Bxy + a2)
a’yy  zy+ Val + b2

52
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Likewise:
Yo b’z
zo— V@ + B alyp B b2
L P w WA TR

a’yy  zg— /@ + b2
And so, we can conclude:

=B



